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Distributigpfree fests against trend and maximum likelihood
estimates of ordered parameters '

by J.Hewmelryk

. Mathematical Centre, Amaterdam.
1. Introduction and summary

Tt often happens that new statistical methods are developed
independently by several authors who are not aware of each otheﬁs
work or even existence. A striking example 1s WILCOXON's (1945)
test for the problem of two samples, a speclal case of KENDALL's
(1943) method of rank correlation which has been independently
developed a number of times (one example of thls will be clted
later in this paper). Inasfar as the work is being done at pre-
cisely the same time this 1s unavoildable but 1t seems nevertheless
useful to give a review from time to time of work belng done on
speciflied subjects in different parts of the wor.d,

In this paper such a review 1is glven of a number of publlica-
tions on the two subjects mentioned in the title. Thesc subjecTs
have been treated separately In the literature so far and the
methods of treatment also are different. On the other hand The
problems are closely related, which justifies a Jjolnt reviewing
of both. The contribution of the present author to the methods
treated is only slight and confines itself to the theory of tests
for trend in a series of probabllities,

No attempt for completeness has heen made and all proofs are
omitted. With respect to the tests for trend especlally only methods
derived from KENDALL'!'s theory of rank correlation - or closely
related to 1t - are considered. The maximum lilkelihood estimatlion
of ordered parameters is a new subject on which only a few papers

have so far appeared 1in print.

2, Distributionfree tests agalinst trend

The gZeneral situation under consideratlion may be described as

follows., Glven k random variables 1)

(1) Xos Bags s By

the hypothesis H_ that they all have the same probablllity distril-
bution has to be tested with an upward or downward trend as alter-
native, The observations avallable are k independent samples, one
for each random variahle, the sample corresponding to the variable

L)

>%Fbeing denoted by

K
(2) X M .. X (A=h2,ky Zmy =m),
_ | =1
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1) Random variables will be distinguished from numbers (e.g. from
values assumed) by underlining theilr symbols. | |




This problem can be solved directly by applying KENDALL'S
(1943) rank correlation metiod. For samples of slze 1 (m,=m,=...
mﬂ%{ml) this has been done by H.B, MANN (1945) and for samples
of all sizes by T.J. TERPSTRA (1952) and (1955-56). The first
of the two rankings required for the computation of KENDALL'S
statistic § then consists of k ties of sizes m,m,,....,m . The
second ranking contains the observations (2) in order of &+ ;
1t may also contaln ties,.

The test statistic 8 may be brought in the following form,
If Ei}} denoteihthe stiﬁistic for WILCOXON's (1945) twe sample
test for the 4 and 4 sample, i.e., the number of pairs ( «,s )

plus half the number of pairs («,s ) with

With ﬁi;“ﬁ 3 2_{_{”5
ﬁ-‘l‘u‘ﬂ o )éi‘s aﬂd j_f
cdaf 2)
(3) }"/‘Lr‘,}"m z‘;_i_l-‘i"%“‘ %{'%'ﬂ’ 4
fhen
ke [
(1) S =5 5

Loy -j..'z:i.-i*l LY ¢

Small and large values of & are critical., & is asymptoti-
cally normal under general conditions,
In this form however the test has a rather serious drawback

which becomes apparent when considering the domain of consistency.

Thils domain proves to depend not only on the probability distri-

butlons of the x, =~ as it should - but also on the ratios Mo, '

¥
Consequently alternatives can be indicated where both of the

unllateral tests may be made consistent using different
values of these ratios, so that an upward or a downward trend
may be found at will.

This phenomenon, pointed out and illustrated by means of an
example by C, VAN EEDEN and J. HEMELRTJK (1955), emphasizes the
lmportance of lnvestigating the domain of consistency. The general
principle was formulated that the set of alternatives for which

a test, 1lnvolving samples of different sizes, is consistent should

not depend on the ratios of these sizes, except if necessary for
asymptotic restrictions on these ratios, e.g. their boundedness

M, Yoy
2) Thus ya,ﬂ,m még S (X, = X4, ; Where sgm z = 1,0,
-~} respectively if z so, =0 o <o respectively. The symbol
clef

= Berves to indicate that the lefthand side of the edquation
is defined by the righthand side.




A small change 1in the test statistic is sufficient to overcome
thlig difficulty and in his second paper (4955w56) TERPSTRA worked
out the theory for the statistic

K
(5) g def 5 5 Med

Loy .3,,:4'.4-\ -’F\.{"r‘t.,g,

Under H, the expected value of 8 1s 0, If the pooled obser-

h

vations consist of h tles of sizes b.%,,....%, (Z. %, =m) and if
Wi

for ‘.,l.mR.,_?; and m gz

6 def i 3)
(6) Th = ' "ot
and
cdef |
(7) Tae = z 1y “""%'T:a‘s

then the condltlonal variance of &' , given the sizes of tles,
i@ glven by

(8) CT'E' 8‘\ Hay E\E(Kdﬂuzﬂ{,)g T git _ i-—‘—*
{...... t|§-hg,r~‘+;th'b Hﬁ}m-‘g A P N “+ 2,3 (L-“-i M{) _L#*%f

Moreover the asymptotic normality of & giwen the sizes of

Triglinrll

R e

the Tles was proved under the following conditlons:

(9) For m = all a, Temain positive and bounded;

(10) ’&M,SLLPMQK{-EI*E&';'-'a t""}ﬂ:l.
TL ~ OO
This means, that the number of samples K, tends to infinlty.
The asymptotic normality has also been proved (but the proof has
not yet been published) for k remaining bounded and m e ; the
conditlions are tThen

) b supman {5 B2 T <
and (10),

o If
(12) ai*é,d‘ifﬁ Plxy» x| - Pla, <xy]

the test les congligtent if for m -» oo

wlehh B kA SR e saebh




LRk
(43) K *“m® 25 g,, — = co

Loy min OF

I
provided that the conditions (10) and (11) are satisfied, )

The proof of thls theorem has not yet been publlshed,
The efflciency of the test has not yet been investlgated.

Remarks
2.,

v s

If all a, are 1 the rank correlation test treated by MANN
(1945) 1is obtained, His result for tThe consistency coincides with
(13). The change from g to s does not affect this specilal case l

L

of the test. MANN also gave a theorem on the unblasedness of tThe

ones lded tests.
2,2

Tnasfar as TERPSTRA's test is called a test against trend a
trend should be said to be present 1f (13) is satisfled.
Hig {1955 -'4056) paper also describes two other generallsations
of KENDALL's (1943) and (1948) rank correlation methods.
2.3

G. ELVING and J.H., WHITLOCK (1950) treated the combination of
a number of tests of MANN's type into an overall test using tThe
sum of the values of & obtained for a number of rankings. They

investigated the efficiency of the method for a common linear

trend (and found the asymptotiéal value = for equal numbers of
observatlons in each ranking). For unequal numbersg thelr test does
not obey the general principle outlined above, 1f more general

alternatives than they considered are also permitted,

3. A speclal case: generalised tests apainst trend in probabilities

A special case of practical importance arises 1f the random
variables x, (A =V,2,...,K) repregent dichotomies, 1.e, 1If thelr
probability distributions are glven by |

(14) Plo=t] =p, 5 Plxi=0]=q,=1-p.

v oy iy Apete ek ded g

_ 4Y Taking the fact into account, that the sizes of the ties are
random variables, condition (11) should be satisfied with pro-

bability 1.




and the test statistlc & assumes the form

i

Kk Kk

K W W
! b ~lab. CL o o Q.
(16) S w ¥ BeRin®iB _F 5T O (E . =R oY (k-2 oo
A3y g e ATV Amt do=dory X { Lt e
with
A 5)
('17) oo dmer,ﬁ ' b.qﬁm-—&.i (L:E,R.,...,k)‘

ey P, $ =l bt ha

This case has been consldered 1n a generalised form.by C. VAN
FEDEN and J. HEMELRIJK (1955) and J. HEMELRIJK (1955). The test-
statistlc used was

%
ol -
((‘8) \N' '““”".....-...e(: z :.. %’L M’:L- A

where the q, are weights satisfylng the welations

W K,
19) Za=eZlal=1,
but to be choseti freely otherwise.G)
With
(20) td_?..fz\i“_ . clef
A i ? ‘;t..g - ""»"-‘:ﬁt

the conditional expectation and variance of W for &, =% , under
H,are glven by

(21) é{\_f\_{l‘b‘;\-lc} = 0
and
k A,
: t, + TL
(22) 0"{'{\_{_\_{[-’6‘ y H“X m'm‘@i’.q E e

The conditional distribution of W may be approximated by means
of a normal distribution with the same mean and varliance as W and ,
with small and large values of W critical, this leads to a condi~-
tional test. It can, however, also be formulated as an uncondiltio-
nal test by introducling

WK
(23) g" dé!:qg'{w\t';k-lﬁ B T TR o

and using

mww“mmh

th series of

5) Thus o, is e.g. the number oI successes in the 4
trials if the probability of a succes I8 p; (4L=12,....K).
6) The relatlons (19) are only imposed for the sake of convenilence

but do not restrict the cholce of tThe welghts essentlally.
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as test statistic. Under M,  the statlstic V 1s agsymptotically
normal with mean zero and variance 1 under either of the following

palrs of conditlions for m -oee

W %m“;’z"" s M

(, 1. (Z {,) ‘m"ﬁ' | "é_'_'_ %’1““‘ EOU) for each inte -
Lwy Mg L=1 M, Ze X %R

I

I

(25) { and

K W
. 2 . Z“{,P& —~p OO E_%%c[’i—u:pm

£ =) Lm0

oxr 2

1. (Zk; j*)ﬂfm‘cx.x-%—‘:-‘- = Q1)

R

(26) and I K
QL 2_m; b,
o, 4= ¥ =(0¢) and T

e mO(_t‘).
Z"?’L,,; r);_ %—-{""'l—;.q,i.

! small and large values of V are critical.
The test 1s consistent if (and under certain conditions only if)

", - OO0 {r =Y

S 0.

%;. P’o

E Remarks

3.

T S i

The alternatives (27) include more possilblilities than trend
only. This depends on the cholce of the welghts g, .
Taking

b~k "7'2,_4..

- - L, P &
(28) G, = * T Cdo =1, 2, )

with

¥ if K 18 even,

(29) . oef

2

k-t if Kk 1s odd,

the statlstlic W reduces to § applied to the present problem,.
The test 1s then congistent 1f

(30)  Auminf KW E I (p-py) >0

| M o~ 00 Lz Rade

”-WhichmaY_SéTVe as a definition for trend in probabilities.

g e e Aagmr ot = EEEECrn EE=TREa.
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Considerahle simplifications of the conditions (25) and (26)
occur 1f elther m, =m for all i or k is bounded,
3.2

With m,=w for all 4+ and the welghts of (28) the test reduces
to a straightforward application of WILCOXON's (1945) test for
two samples, The two samples are then represented by the successes
on one hand and the failures on the other and the values of tThe
index 4 for these two groups take the place of the observations
to which WILCOXON's test has to be applied. For the case =\
this has already been pointed out by J.B.S. HALDANE and C.A.B.
SMITH (4948), who developed WILCOXOM's test independently 1in
solving this problem, B.M,. BENNETT (4956) also considered this
problem- = using previous results of WILCOXON and H.B. MANN and
DeR. WHITNEY (1947) - and developed the generating function of
the test statistic as a function of p.pa-pys He also lnvestl-

gated the power of the test for the case of a linear trend in
3.3 |

R e

For different values of m, the problem as treated by P,
ARMITAGE (1955) who used S instead of &  His method results
from formula (18) by taking g, proportional to (k+i1-24)m-

It does, therefore, not satisfy The principle that tThe domain

of consistency should not depend on the ratlios of The m .

3.4

| In J. HEMELRIJK (1955) an attempt 1s made to develop a method
for comparing trends in two series of probabilitiles by means of a
test for their equality. No general soclution 18 obtailned but for

speclally designed experiments a test for this purpose 1s gilven.

3.5

TERPSTRA's test of the foregoing section could be generalised
to a test for "weighted" trend in the same way by changing § from
(5) into 3

g o def 50 Y4
(31) 8" L 5IT q 4t
L=V pmdr ¥ %Lm,‘é-‘

- The consilistency of the test would then depend on the valr

Ll W,
EZ.Zzzf%wisé. instead of on The sum of the &,.. The tTran
A 2 é,mi*l ¥ i » 3 e -

tion from &' to W (cf. (18)) would then be obtained by putt

Wi i

| 4,~1
e . - . Z:» s L= 3 Pry ***;k '
(32) R R el >




4, Maximum likelihood estimates ofl completely or partially

da e it W AR

- i i i il

ordered parameters

The problem considered in this and the next section 1s the
following. The random variables x, from (1) have distribution
functions

(33) Fo(%) 0" Plus sxa] 0] Ca=nrn k),

Loe

where §,8,....,8, are unknown parameters. Information about the
B, is available in two forms. In the first place they are
conf'ined to glven intervals 4, :

(34) B, e, (iL=1,2,...,k

whicn together form a part

k
(35) G =TT 7,

of the parameterspace, i1.e. for every QLEQQ_ the function
'ﬁf(xL‘Eh) must be a probability distribution,
In the gecond place a partial (or complete) ordering is
given for the O, , i.e., a number of (non contradictory) rela-

tions of the form 8, 2 @,

These data togéether delimit a convex domain D in the k -
dimensional parameterzpace (with DecG ) and the problem is to
flnd the maximum likelihood estimates+t,t,,...,t, within D based
on K samples as glven by (E).7)

are given.,

This 1& the formulation of the problem as given by CONSTANCE
VAN EEDEN (1957a), The same problem has heen posed and under
certaln additiconal conditions solved by H.D. BRUNK (1955), without
data of the form (32). Hig formulation of the problem is rather
different but 1n a forthcoming paper Miss VAN EEDEN (1957h) Proves
that not only is the problem identical with the one treated by
her but also 1s his solution valid under the weaker additional
condition (to be mentioned later) which she uses for her solution.

Whereas BRUNK gives an explicit formula for the maximum
likelihood estimates t, - whlch leads, however, to cumbersome
calculations - Miss VAN EEDEN has developed theorems and lemma's
which do not contain an explicit formula for the t, , but which
greatly simplify the computation of these estimates

HmmmMMHm“m

7} The underlinings being omitted, We consider here the computation
of the vstlmates from glven observations, not the propertivs of the
~estimators as random variables.

o
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In the followlng some of these theorems will be described
and BRUNK's formula will be given in the notation of Misgs VAN
BEDEN's papers.,

We first state the condition which Miss VAN EEDEN 1mposes

on the distributicns of the x, . Let F, (% |06 stand for the
probabllity density of x, ir the distribution is continuous and
for P[zgﬁmxé‘ggl if 1t is discrete, Let further (cf. (2))

lef o
and, 1f™M 1is a subset of the numbers 2,...,k, let

def
(30) L (8) = 2= L _(8)

™ Lem

for any real number B
Then, if (cf (34))

def
(37) Y = 0 4,
4.2 v
the condition is, that for each ™M with '::rM not empty a value
eﬁeﬂﬁﬂ exists such that for all pairs of values 6,8 e,
with 8 between B and 8 the funct:i.cmL....M satisfies

(38) L, (8) <L, (8) <k, (8.

Under this condition the likelihood has a unique maximum and
the following theorem holds,

If from the relations defining the ordering of the B¢ one 13
omitted, e.g. the relation 6;¢8, , and if4,%,.....% are the

maximum likelihood estimates under the remaining relations, then

(39) t, =t (L=1,2,..., k) if ‘b%‘.'%'t_é’m
and
(#0) by =%, L oy >y,

where &, (A=12,...,% 18 the maximum likelihood estimate of 8,
satisfying all relations .

This makes it possible to eliminate one of the relations 1if
the problem can be solved under the remaining ones. In the [lrst

case, (39), the relation can be omitted altogether, in the second

case, (40), further calculations tan be based on the original
relations supplemented by Qﬁ“ehﬁg)

Wl meme g Bees kil BARE e PVl N

8) Thig relation need not be true, but that does not affect ¢t
vallidity of the resulting estimates.

-
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Applying this theorem step by step the estimates 6.k, - - Oy
can always be found but in many cases THhLS progedure is rather

laborious and short cuts are often provided by the following

theorem,

T a new relation between two of the parameters, e.g.E%ﬂgQ?m
ig added to the existing relations and 1f € t,....%,  are the
maximum likelihood estimates satis{ying all relatlons, including

this new one, then

¥

(41) tomt, (=2, .., K) 10 €] <t o
and
l (42) tﬂ"] %té"a if -t-é'umt'ﬁ"g,‘ |

Thus in the first case the relatlion may be added and 1n the
second case this holds for the reverse relation G?JQE%ﬁ. |
I'n this way a partial ordering can be made complete (in one
or more steps) and for a complete ordering the calculations are
much simpler,
The following two lemmas, which are speclal cases of the two
theorems mentioned, are also very useful, Let the indices of tThe
A, be chosen such that for A<+ either no relation is given for
B, and 81} or the relation is 8, € 93-, . Let further v, {i=12,..,K)
denote the maximum likelihood estimates of BL inG , 1.e. only
taking (34) into account, but not the ordering of the 8, . 3
If then, for a pair (4,4) with 4<4 , the relation 8. ¢ 8,
is given and the other relations between the parameters satisfy
the following conditions: for h between 4 and 4 no relation
exists between B, and elther O, or B and for h outside the
interval (ifi ) either no relations or the same relations hold
between the pailrs ( 8,,8, ) and (Qh,@& ); if in this situation
Vi > M then t; =%,
The relation BLgEu; ig then eliminated in a much simpler way
then the first theorem provides, for in order to apply this lemma
only the v, have to be calculated and for these explicit formulas

are usually avallable, r
The second lemma is concerned with an egually simple method %
for introducing new relations,

If, for a pair (4.4) withdi<4, no relation between B; and by
18 given and 1if the relations between the parameters satlsfy the
following conditions: for h<i 8 eilther stands in the same
relation to B, and @é or it stands in no relatlon to 8, , and

for hs4 8, either has the same relation with 8, and B, or 1t

e e et D e 8, TR ST A e T g . T i I P . P T
= A S e e T o e D A e T

stands in no relation to B, ; if in that situation v gV,  then
% st, and the relation D s B, may be added .
g) Cf. fcotnote,B) -
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These lemmas usually greatly facilitate the computation of
the estimates B,,%,,.... 5.

The formula of RBRUNK is bazed on a number of definitlons.

In the first place, let v, , where™ 1lg a subsel of the numbers
L2, ...,k , be that value of B in4A, (¢f, (37)) for whidhLWq(B)
(cf. (30)) i1s maximized,

Let $; be a subset of the numbers na,.. .k containing i and all
those values h for which it is given that 8, s0,and T, the subset
containing 4 and all values h for which Bhg(hiia given. Lat
further for any glven subset N of the numbers n2,...K
(43) sE' U s, il TEFU T,

4 € M | L& M

then the maximum likelihood cstimatcs of 0,,8,,...,8,  are

()‘“’l') t, = MTcxx Méh Ve n g

LETAS
where the Max Min is taken over all T and & corresponding with

('L:"““ng-'s*'-: 1‘(\)1

the different pogsible choices for M , with the restriction

that Tad must contain the number 4L .

In the case of a complete ordering matters are greatly slm-
plified. For every palr ( 4,4+ ) we then have Qifé(h+‘ and 1L
then v »wv,,, 1t follows at once That ¥, =%, .,.

4,2

It 1s not necessary that the distributions of all x. are of

and given variance) and others may be Polsson-distributions with
unknown mean, In practice, however, tThey will often be of The
same form and only differ in the value of the unknown parameters
Qé. If this 1is the case sampleg, for which 1t 1is found in the
course of the compubations that tiﬂyt& must simply be pooled.

h.3

Both authors mentioned glve a theorem on the consistency of

the estimates,

5, A special case: ordered probabllitlies

e

The situation of section 3, where the 0, are probabilities,
is also of interest here. The obscrvations are Then Qs ey &y
(¢f. (17)), the numbers of successes 1n NMgﬂmﬁanmkiHQEDEndent

trials with pb,,p,,..., py @& probabilities of succes. This case has
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no special features except its simplicity. If (cf.(3%)) the interuk
val de(onfor all 4, the maximum likclihood estimates v, are
“/m, @and for the case of a complete ordering (44) reduces to

clm‘i*t e "t" Q%‘
!"‘ll ' +m—$

(‘451 t., = Max Min

i , .
PN §4 -Liﬁ&k%"‘-

This case was flrst treated by MIRIAM AYER, H.D. BRUNK e.a. (1955),
Miss VAN EEDEN (1956) also treated this special case before the
general one, including the partial ordering. Numerical examples
of the use of her theorems and lemmag are included in her paper,

For constant k the estimators are in this case always consis-
tent 1f all m, = co.
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